A b s t r a c t The c o n d i t i o n s f o r resonance i n t e r a c t i o n between tdo i n s t a b i l i t y waves i n an axisymmetric j e t were i n v e s t i g a t e d . C o n s i d e r a t i o n s of the energy e q u a t i o n o f t h e wave r e s u l t i n g from the i n t e r i c t i o n i n d i c a t e t h a t t h e phase angle between the dave-induced s t r e s s e s and t h e wave-induced s t r a i n s p l a y s a c r u c i a l r o l e i n t h e resonance i n c e r a c t i o n . T h i s f a c t i s demonstrated experiment a l l y by e c c i t i n g a j e t a t fundamental and subharmonic f r e q u e n c i e s . The phase angle between t h e waves' s t r l s j e s and s t r a i n s was v a r i e d by v a r y i n g t h e i n i t i a l p h a s e -d i f f e r e n c e between t h e two e x c it a t i o n waves. The subharmonic resonance was found t o be h i g h l y dependent on t h i s a n g l e . agreement 'was found between t h e phase angles pred i c t e d by 3 n o n l i n e a r t h e o r y and t h e measured ones.
The t h e o r y i s used t o e x p l a i n t h e subharmonic's resonance i n terms o f t h e phase-angles.
Favorable I n t r o d u c t i o n
The r e c e n t i n v e s t i g a t i o n s of Raman, R i c e , and
YankSadi ( 1 9 8 8 ) has i n d i c a t e d t h a t i m p r o v i n g j e t ini Aing through s i n g l e f r e q u e n c y e x c i t a t i o n has i t s I i m i t a t i c n ; . I n c r e a s i n g t h e a m p l i t u d e of t h e imposed e x c i t a t i o n a t a g i v e n S t r o u h a l number
i n c r e a j e s the growth o f t h e momentum t h i c k n e s s Of t h e j e t up t o a c e r t a i n l e v e l o f e x c i t a t i o n . Furt h e r i n c r e a s e i n t h e e x c i t a t i o n l e v e l r e s u l t s i n a s a t u r a t i o n c o n d i t i o n beyond which no f u r t h e r i n c r e a s e i n j e t m i x i n g can be achieved. The experi m e n t a l o b s e r v a t i o n s o f Zaman and Hussain (1980) and Ho and Huang (1982) 
have i n d i c a t e d t h a t a resonance mechanism can o c c u r by which a subharmonic of t h e fundamental a m p l i f i e s . The t h e o r e t i c a l invest i g a t i o n o f Mankbadi (1985) has f u r t h e r i n d i c a t e d t h a t t h i s subharmonic p l a y s a c r u c i a l role i n cont r o l l i n g t n e s p r e a d i n g r a t e o f t h e j e t . T h e r e f o r e , t h e p r e s e n t work i s concerned w i t h understanding t h e c o n d i t i o n s a t which resonance i n t e r a c t i o n o c c u r s . By p r o p e r l y choosing t h e i n i t i a l condit i o n s one may be a b l e t o produce resonance i n t e r a ct i o n s and thus a c h i e v e f u r t h e r c o n t r o l of j e t spreading o v e r t h a t which can be achieved under a s i n g l e f r e q u e n c y e x c i t a t i o n .
The r2sonance o f t h e subharmonic r e s u l t i n g
from i t s i i t e r a c t i o n w i t h t h e fundamental i s subj e c t t o scleral parameters such as the S t r o u h a l numbers. t h e i n i t i a l l e v e l s o f b o t h t h e fundamental
and :'?e subharmonic, t h e t u r b u l e n c e l e v e l , and t h e i n i t i a l mean v e l o c i t y p r o f i l e . Furthermore, for t h e two-dimensional shear l a y e r K e l l y (1967). Zhang, Ho, and Monkewitz (1984) and Monkewitz * I n s t i t u t e f o r Computational Mechanics i n Prop u l s i o n (work funded under Space A c t Agreement C99066G); on l e a v e from C a i r o U n i v e r s i t y , C a i r o , t S v e r d r u p Technology, I n c . , NASA Lewis Research Center Group, Cleveland, OH 44135. Egypt (1988) have i n d i c a t e d t h a t the i n t e r a c t i o n between t h e fundamental and t h e subharmonic i s h i g h l y dependent on t h e i n i t i a l phase-difference between t h e two waves. T h e r e f o r e , i n a round j e t under two-frequency e x c i t a t i o n one may expect t h i s phased i f f e r e n c e t o p l a y an i m p o r t a n t role i n t h e subharmonic resonance and i n j e t m i x i n g . Cohen and Wygnanski (1987) examined t h e condit i o n s f o r resonance i n t e r a c t i o n s between two i n s t ab i l i t y waves. T h e i r a n a l y s i s i s based on assuming a n o n d i v e r g e n t mean f l o w . The two i n t e r a c t i n g waves a r e small w i t h r e s p e c t t o t h e mean f l o w and t h e wave r e s u l t i n g f r o m t h e i n t e r a c t i o n o f t h e two waves i s much s m a l l e r i n a m p l i t u d e than any o f t h e two waves. By examining t h e second o r d e r t e r m s i n t h e momentum e q u a t i o n , t h e c o n d i t i o n a t which t h e p a r t i c u l a r s o l u t i o n becomes " s e c u l a r " i s t o s a t i s f y one o f t h e f o l l o w i n g c o n d i t i o n s :
where o i s t h e frequency, n i s t h e azimuthal wave number and i s t h e complex wave number. S u b s c r i p t s k and Q denote t h e i n t e r a c t i n g waves w h i l e m denotes t h e r e s u l t i n g wave. Cohen and Wygnanski (1987) have taken these approximate cond i t i o n s as t h e resonance c o n d i t i o n .
I n t h i s work we re-examine t h e c o n d i t i o n s f o r resonance i n t e r a c t i o n s f o r a d i v e r g i n g j e t based on t h e energy e q u a t i o n o f t h e wave r e s u l t i n g from t h e n o n l i n e a r i n t e r a c t i o n . The c o n d i t i o n s on t h e f r 2 -quency and a z i m u t h a l dependency a r e found t o be t h e same as t h o s e o f Cohen and Wygnanski ( 1 9 8 7 ) .
However, t h e c o n d i t i o n on t h e wave numbers i s r e p l a c e d by a c o n d i t i o n on t h e phase angle between t h e waveinduced s t r e s s e s and t h e wave-induced s t r a i n s . To demonstrate e x p e r i m e n t a l l y t h e dependency on t h i s phase a n g l e a round j e t i s e x c i t e d a t a fundamental and i t s subharmonic. The p h a s e -d i f f e r e n c e between t h e two imposed waves i s measured a l o n g t h e j e t for d i f f e r e n t i n i t i a l phase d i f f e r e n c e s . Measurements o f t h e phase a n g l e s a r e used t o v e r i f y a n o n l i n e a r t h e o r y f o r p r e d i c t i n g the phase angle. The l a t t e r t h e o r y i s t h e n used to p r o v i d e a b e t t e r understandi n g o f t h e c o n d i t i o n s for resonance i n t e r a c t i o n s . Energy C o n s i d e r a t i o n s o f t h e Wave I n t e r a c t i o n s I n t h e f o l l o w i n g we examine t h e waves' energy exchanges. We c o n s i d e r t h e i n c o m p r e s s i b l e flow of a round j e t a t h i g h Reynolds numbers. The e f f e c t s o f v i s c o s i t y and t h e t u r b u l e n c e a r e ignored i n t h e p r e s e n t a n a l y s i s .
The Mean Flow-Wave I n t e r a c t i o n s We s p l i t t h e v e l o c i t y components i n t o mean and p e r i o d i c components: 
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( 2 . 2 )
dhere C.C. denotes a complex conjugate. w i s the frequency and n i s the azimuthal number. The s u b s c r i p t s k and 2 denote the i n p u t waves w h i l e t h e s u b s c r i p t m denotes t h e wave produced by i n t e r a c t i o n .
To d e r i v e t h e mean flow energy e q u a t i o n , t h e decomposition (2.1) i s s u b s t i t u t e d i n t h e f u l l momentum e q u a t i o n . The f u l l momentum e q u a t i o n i s then time-averaged and t h e boundary-layer-type a p p r o x i m a t i o n s a r e a p p l i e d t o t h e mean q u a n t i t i e s .
Upon i n t e g r a t i n g o v e r r, t h e mean f l o w energy e q u a t i c n takes t h e form:
Thus, t h e waves can i n f l u e n c e t h e mean flow Only t h r o u g h t h e i r time-averaged Reynolds shear s t r e s s . N i t h t h e F o u r i e r decomposition ( 2 . 2 ) , t h e tlmeaveraged wave Reynolds shear s t r e s s reduces to:
( 2 . 4 )
vhere C . C . or ( * ) denote a complex conjugate.
The t e r m s a p p e a r i n g i n t h e above e x p r e s s i o n w i t h dependency on ( 4 ) a r e g e n e r a l l y z e r o except i n t h e s p e c i a l case where two o f t h e waves have t h e same frequency b u t d i f f e r e n t azimuthal numbers. For t h i s p a r t i c u l a r case, these azimuthaly-dependent t e r m s t a k e the form:
uev; e x p l i ( n Q -+ C.C.
I f i n t e g r a t e d o v e r $ such a term averages t o z e r o i n d i c a t i n g t h a t these terms do n o t c o n t r i b u t e t o t h e t o t a l mean flow energy i n a s l i c e o f t h e j e t .
These terms o n l y c o n t r i b u t e t o t h e azimuthal r e d i st r i b u t i o n o f t h e mean flow energy i n t h e j e t . Equation ( 2 . 4 ) a l s o i n d i c a t e s t h a t s i n g l e e x c i t at i o n w i t h nonaxisymmetric waves cannot d i s t u r b t h e axisymmetry o f t h e mean flow. These conclusions r e g a r d i n g t h e e f f e c t of waves on t h e mean flow a r e i d e n t i c a l t o those o f Cohen and Wygnanski (1987).
Energy o f t h e Wave R e s u l t i n g from the I n t e r a c t i o n
We d e r i v e here the energy e q u a t i o n 3 f the m-wave r e s u l t i n g from the i n t e r a c t i o n o f the k-wave and t h e Q-wave. The t i n e -a v e r a g e j ncmentum e q u a t i o n i s s u b t r a c t e d from t h e phase-averaged one.
The r e s u l t i n g momentum e q u a t i o n i s m u l t i o l i e d by t h e corresponding v e l o c i t y component o f frequency w and t h e t h r e e components o f t h e momentilm equat i o n s a r e added and t i m e averaged. The r e s u l t i n g e q u a t i o n i s i n t e g r a t e d o v e r t h e r a d i u s and t h e boundary l a y e r -t y p e approximations a r e a p p l i e d t o t h e mean q u a n t i t i e s . The f i n a l form o f t h e i n t eg r a l energy e q u a t i o n of the rn-wave i s : I n t h i s case
The f i r s t t e r m i n t h e r i g h t hand s i d e o f t h e above e q u a t i o n i s t h e energy exchange between t h e wave and t h e mean flow. The second t e r m i n the r i g h t hand s i d e i s t h e wave-wave energy exchange. T h i s t e r m w i l l be denoted here by W W . We view t h e resonance i n t e r a c t i o n o f t h e two imposed p e r i o d i c components as when t h e wave-wave energy exchange WW i s maximum. T h e r e f o r e . i n t h e f o l l o w i n g we examine t h e c o n d i t i o n s a t which t h i s t e r m i s maximum. With t h e F o u r i e r decomposition g i v e n i n ( 2 . 2 ) t h i s t e r m i s i d e n t i c a
b ) wm = wk t w e . I n t h i s case
If i n t e g r a t e d o v e r 4 , WW as g i v e n by equat i o n ( 2 . 6 ) i n t e g r a t e s t o z e r o except i n t h e spec i a l case where t h e argument o f the e x p o n e n t i a l f u n c t i o n i s z e r o . This term thus o n l y r e d i s t r i b u t e a z i m u t h a l l y t h e wave energy. For a nonzero wavewave energy i n a s l i c e of t h e j e t the azimuthal number of t h e r e s u l t i n g wave must s a t i s f y one o f t h e f o l l o w i n g c o n d i t i o n s :
To examine the c o n d i t i o n s on the x-dependency f o r resonance i n t e r a c t i o n we w r i t e :
u ( x , r ) = u ( r ) F ( x ) + C.C.
i](r) can be o b t a i n e d as t h e e i g e n f u n c t i o n of t h e l o c a l l y p a r a l l e l l i n e a r s t a b i l i t y e q u a t i o n f o r each wave. F ( x ) i s t h e complex a m p l i t u d e o f each wave which can o n l y be determined from a n o n l i n e a r a n a l y s i s . We can w r i t e F ( x ) as:
ViE(x) i s the magnitude o f t h e a m p l i t u d e . With p r o p e r n o r m a l i z a t i o n o f t h e e i g e n f u n c t i o n s , E ( x ) r e p r e s e n t s the energy o f t h e wave across t h e j e t . q ( x ) i s t h e phase a n g l e o f t h e wave's energy a m p l i t u d e . 
t a i n e d f r o m t h e l o c a l l i n e a r s t a b i l i t y t h e o r y f o r a g i v e n s e t o f S t r o u h a l numbers. For t h e case o f fundamental subharmonic i n t e r a c t i o n t h i s funct i o n i s shown i n F i g . 1 . The a x i a l dependency i s r e p l a c e d h e r e by t h e momentum t h i c k n e s s which i s a f u n c t i o n o f t h e a x i a l l o c a t i o n ( x ) . The S t r o u h a l number shown on t h e f i g u r e i s t h a t o f t h e fundament a l .
For a g i v e n S t r o u h a l number, t h e wave-wave i n t e r a c t i o n i s a f u n c t i o n o f IN, i t s phase U , and t h e energy of each wave (Eq. 2 . 8 ) .
The f i g u r e
shows t h a t the general t r e n d o f I N i s t o decrease w i t h i n c r e a s i n g t h e momentum t h i c k n e s s . Thus, t h e s m a l l e r t h e i n i t i a l momentum t h i c k n e s s , t h e s t r o n g e r the wave-wave i n t e r a c t i o n can be.
A s Eq. ( 2 . 8 ) i n d i c a t e s , t h e wave-wave i n t e r a c t i o n i s p r o p o r t i o n a l t o t h e p r o d u c t o f t h e energy l e v e l s
of the t h r e e waves. These l e v e l s a r e dependent on t h e i r i n i t i a l l e v e l s , among o t h e r parameters.
T h e r e f o r e , small a m p l i t u d e e x c i t a t i o n may n o t produce resonance i n t e r a c t i o n s even i f a l l o t h e r c o n d i t i o n s a r e met. F i n a l l y , we c o n s i d e r t h e dependency o f t h e wave-wave i n t e r a c t i o n on t h e 3 angle ( y ) . A l l f u n c t i o n s appearing i n Eq. ( 2 . 8 ) , except cos ( y ) , v a r i e s m o n o t o n i c a l l y w i t h x . I n general cos ( y ) has an o s c i l l a t o r y n a t u r e t h a t can cancel t h e wave-wave i n t e r a c t i o n i f i n t e g r a t e d o v e r x . To achieve resonance i n t e r a c t i o n s , t h e argument o f t h e c o s i n e should i d e a l l y be z e r o . This condit i o n can be w r i t t e n as:
To examine t h e p h y s i c a l meaning o f t h i s c o n d i t i o n , we can w r i t e WW as:
s e n t i a l r o l e i n t h e subharmonic resonance. I f y = 0", we o b t a i n maximum p o s i t i v e energy t r a n s f e r t o t h e o u t p u t wave r e s u l t i n g i n t h e resonance cond i t i o n . I f y = 180". we o b t a i n maximum energy d r a i n f r o m t h e o u t p u t wave r e s u l t i n g i n suppressi n g the o u t p u t wave. T h i s l a t t e r s i t u a t i o n i s observed e x p e r i m e n t a l l y as t h e " v o r t e x -s h r e d d i n g " 
phase a n g l e i s d i f f e r e n t f r o m t h a t on t h e wave numbers g i v e n by Cohen and Wygnanski. U n l i k e Conen and Wygnanski's (1987) a n a l y s i s , t h e p r e s e n t a n a l ys i s does n o t r e q u i r e t h e flow t o be n o n d i v e r g i n g or t h a t t h e waves t o be weakly n o n l i n e a r . To examine t h e r e l a t i o n s between t h e p r e s e n t r e s u l t and t h a t o f Cohen and Wygnanski, we c o n s i d e r t h e axisymmetr i c case o f fundamental-subharmonic i n t e r a c t i o n .
The p r e s e n t c o n d i t i o n on t h e phase angle reduces t o t h e form:
where t h e s u b s c r i p t f denotes the fundamental of frequency ZW and s denotes the subharmonic of frequency W . I f we t a k e t h e phase angle t o be
where ar i s t h e r e a l p a r t of the complex wave number o b t a i n e d as the eigenvalue of t h e l i n e a r s t a b i l i t y e q u a t i o n . qQ i s t h e phase angle by which t h e fundamental i n i t i a l l y leads the subharmonic.
and Wygnanski i s :
The
) ) becomes i d e n t i c a l under the f o l l o w i n g c o n d i t i o n s : ( 1 ) t h e l i n e a r s t a b i l i t y t h e o r y p r o v i d e s a v a l i d a p p r o x i m a t i o n t o t h e phase angles o f t h e waves, ( 2 ) t h e i n i t i a l , phase d i f f e r e n c e between t h e two waves i s ignored,
and (3) t h e phase angle of I N , U , i s s e t i d e n t i c a l t o z e r o .
The a b i l i t y of t h e l i n e a r s t a b i l i t y t h e o r y t o r e p r e s e n t the a x i a l v a r i a t i o n of the phase angles w i l l be e<amined l a t e r on i n t h i s work. The e f f e c t o f i n i t i a l phase d i f f e r e n c e on t h e subharmonic r e sonance cannot be i g n o r e d . o b s e r v a t i c n s f o r a two-dimensional shear l a y e r under two-frequency e x c i t a t i o n c l e a r l y i n d i c a t e s t h a t the i n i t i a l p h a s e -d i f f e r e n c e c o n t r o l s t h e subharmonic resonance. The v a r i a t i o n o f t h e angle (u) a l o n g t h e j e t was shown i n F i g . 1 . The f i g u r e c l e a r l y i n d i c a t e s t h a t t h i s angle v a r i e s considerab l y along the j e t and cannot be s e t equal t o zero.
Cohen and Wygnanski (1987) attempted t o demons t r a t e e x p e r i m e n t a l l y t h e c o n d i t i o n g i v e n by Eq. ( 2 . 1 4 ) . A j e t was e x c i t e d a t 288 Hz and t h e subharmonic a t 144 Hz was found t o a m p l i f y . When t h e e x c i t a t i o n frequency was changed t o 144 Hz t h e corresponding subharmonic a t 72 Hi! was n o t amplif i e d . Since the 288 Hz wave and t h e 144 Hz wave have t h e same phase speed w h i l e t h e 144 and 72 Hz do n o t , t h e y concluded t h a t t h i s supports t h e c o n d i t i o n g i v e n by Eq. ( 2 . 1 4 ) . However, t h e amplif i c a t i o n o f t h e subharmonic a t 144 Hz can be e x p l a i n e d from t h e l i n e a r t h e o r y s i n c e i n t h e i r experiment the 144 Hz corresponded t o t h e most a m p l i f i e d wave w h i l e t h e 7 2 Hz corresponded t o a weakly a n p l i f i e d wave. T h i s f a c t , and n o t t h e e q u a l i t y of t h e phase v e l o c i t i e s , can t h e r e f o r e e x p l a i n t h e subharmonic resonance when t h e j e t was e x c i t 2 d a t 288 Hz.
Monkewitz's (1987)
Acti;ally Cohen and Wygnanski's (1987) d a t a p r o v i d e an example which c l e a r l y v i o l a t e s t h e cond i t i o n o f E q . (2.14) which for t h e general case takes the form a m = a k f a t (2.14b) I n t h e i r F i g . 7 ( c ) a j e t was e x c i t e d a t two f r equeqcies 288 and 192 Hz.
t h e d i f f i r e n c e 96 Hi! was a m p l i f i e d . If one s u b s t it u t e s the wave numbers (ar) as o b t a i n e d f r o m t h e l i n e a r s t a b i l i t y t h e o r y corresponding t o these f r e -
quencies, Ea. (2.14b) i s about 50 p e r c e n t i n e r r o r .
This suggests t h a t t h e i r c o n d i t i o n on t h e wave numbers (Eq. 2.14b). i s o n l y an approximate one.
A wave corresponding t o I n t h e f o l l o w i n g we a t t e m p t to demonstrate e x p e r i m e n t a l l y t h a t the phase-angle, n o t t h e phase v e l o c i t y , c o n t r o l s t h e subharmonic resonance. Experimental Apparatus and Procedure
The j e t f a c i l i t y c o n t a i n s a 76-cm diameter plenum chamber, a two-stage c o n t r a c t i o n f o l l o w e d by an 8.8-cm diameter n o z z l e . A 41-cm diameter s e c t i o n l o c a t e d between the two c o n t r a c t i n g sect i o n s c o n t a i n s t h e e x c i t a t i o n system, which c o n s i s t s of two L i n g d r i v e r s . These L i n g e l e c t r opneumatic d r i v e r s were used t o produce t h e h i g h e x c i t a t i o n amplitude r e q u i r e d f o r t h e p r e s e n t s e c o f t e s t s . These d r i v e r s have an e l e c t r od y n a m i c a l l y operated pneumatic v a l v e capable of r e p r o d u c i n g s i n e , random or any complex wave form and can generate up t o 4000 W o f a c o u s t i c power p e r d r i v e r w i t h i n t h e o p e r a t i n g range. A polynomin a l wave f o r m s y n t h e s i z e r i s used t o produce the two f r e q u e n c i e s a t t h e d e s i r e d i n i t i a l phased i f f e r e n c e . The wave form s y n t h e s i z e r generates wave shapes f r o m user s u p p l i e d mathematical e x p r e s s i o n s .
The phase-difference, /3, i n t h e experiment i s d e f i n e d w i t h r e s p e c t t o the fundamental, i . e . . 
Experimental R e s u l t s Since the purpose here i s t o examine t h e e f f e c t o f v a r y i n g t h e i n i t i a l p h a s e -d i f f e r e n c e , i t i s necessary t o show t h a t t h e o t h e r i n i t i a l paramet e r s a r e k e p t c o n s t a n t . The e x i t p r o f i l e s of the mean v e l o c i t y and t h e t o t a l f l u c t u a t i o
The f i g u r e shows t h a t t h e i n i t i a l mean v e l o c i t y p r o f i l e f o r b o t h t h e e q c i t i d
and t h e u n e x c i t e d cases a r e t h e same. The e x i t momentum t h i c k n e s s i s 0.015 R, where R i s t h e n o z z l e ' s r a d i u s . For t h e u n e x c i t e d case t h e t u r b ulence i n t e n s i t y a t t h e j e t c e n t e r l i n e and boundary l a y e r a r e 2 and 8 p e r c e n t , r e s p e c t i v e l y . Since these t o t a l f l u c t u a t i o n s a r e composed of the backgrodnd t u r b u l e n c e as w e l l as the imposed waves, the t o t a l f l u c t
u a t i o n s f o r t h e e x c i t e d case increases o v e r t h a t of t h e u n e x c i t e d case due t o t h e imposed waves. For t h e e x c i t e d case t h e f i g u r e i n d i c a t e s t h a t t h e l e v e l s of t h e imposed f l u c t u a t i o n s a r e t h e
same f o r the Do = 90" and t h e Bo = 270" cases.
Dependency o f the subharmonic's a m p l i f i c a t i o n on t h e i n i t i a l p h a s e -d i f f e r e n c e . The phase-averaging technique i s used t o educt t h e fundamental and t h e
subharmonic components a l o n g t h e c e n t e r l j n e o f t h e j e t . The fundamental and subharmonic a x i a l v e l o c it i e s a l o n g t h e j e t c e n t e r l i n e a r e shown i n F i g . 3 f o r s e v e r a l i n i t i a l p h a s e -d i f f e r e n c e s . The fundamental i s n o t s e n s i t i v e t o t h e i n i t i a l phased i f f e r e n c e b u t t h e a m p l i f i c a t i o n of the subharmonic i s q u i t e s e n s i t i v e t o t h e i n i t i a l p h a s e -d i f f e r e n c e . T h i s i s demonstrated f u r t h e r i n F i g . 4 which i s a p o l a r p l o t o f t h e subharmonic's peak a g a i n s t the i n i t t a l phase angle. The f i g u r e shows t h a t the subharmonic i s maximum a t an i n i t i a l phase-difrerence 
One o f the f i n d i n g s o f t h e energy considerat i o n s i n the p r e v i o u s s e c t i o n i s t h a t t h e wave-wave energy exchange mechanism i s p r o p o r t i o n a l t o
EsvEf. (Eq. ( 2 . 8 ) ) . Thus, t h i s mechanism i s i m p o r t a n t o n l y when t h e p r o d u c t E, & exceeds a c e r t a i n l e v e l . T h i s f a c t i s demonstrated i n F i g . 5 by i n c r e a s i n g t h e fundamental l e v e l f r o m 1 to 7 p e r c e n t . The subharmonic-fundamental i n i t i a l r a t i o i s k e p t a t 1:15. Thus, i n F i g .
opment o f :he p h a s e -d i f f e r e n c e a l o n g t h e j e t i s h i g h l y i n f i u e r l c e d by i t s i n i t i a l v a l u e . T h i s i n d ic a t e s t h a t t h e development o f t h e p h a s e -d i f f e r e n c e i s a n o n l i n e a r process. I n a l i n e a r t h e o r y , t h e phase angles a r e g i v e n by t h e l o c a l mean flow parameters ' r r e s p e c t i v e o f t h e i n i t i a l c o n d i t i o n s .
The momentum t h i c k n e s s a l o n g t h e j e t f o r Po = 90" and 270" a r e shown i n F i g . 7 . The two v a l u e s o f Bo monic a m p l i f i c a t i o n . The f i g u r e shows t h a t t h e l o c a l momentum t h i c k n e s s i s almost t h e same f o r b o t h values o f Po. Since i n a l i n e a r t h e o r y , t h e phase angle i s determined by t h e l o c a l mean f l o w parameters ( i r r e s p e c t i v e o f t h e i n i t i a l condlt i o n s ) . Tne f a c t t h a t t h e momentum t h i c k n e s s i s almost t h e same f o r b o t h i n i t i a l p h a s e -d i f f e r e n c e s i n d i c a t e s t h a t a l i n e a r t h e o r y cannot be used t o p r e d i c t t h e development o f t h e p h a s e -d i f f e r e n c e a i o n g :he j e t . phase a n g l e s , t h e i n i t i a l l e v e l o f t h e fundamental i j v a r i e d f r o m 1 t o 7 p e r c e n t o f t h e j e t e x i t v e l o c i t y . The r a t i o o f t h e subharmonic t o t h e f u ndamental a t the e x i t i s k e p t almost c o n s t a n t a t 1 . 1 5 . F i g u r e 8 shows t h a t t h e i n i t i a l l e v e l o f t h e fundamental has a pronounced e f f e c t on t h e development o f t h e p h a s e -d i f f e r e n c e p a r t i c u l a r l y f o r x/D > 2 .
P r e d i c t i o n o f the n o n l i n e a r development o f t h e p h a s e -d i f f e i e q c e >was considered by Mankbadi (1986) f o r a l a m i n a r j e t . The wave components a r e taken i n t h e form: u f = F f ( x ) g F ( r -) e x p ( -i w f t t $I ) t C.C. 
monic. r e s p e c t i v e l y , which can be w r i t t e n as:
Comparing Eq. ( 4 . 1 ) t o t h e d e f i n i t i o n o f t h e phaseangle i n t h e experiment, (Eq. 3 . 1 ) . t h e r e l a t i o n between I3 and y i s g i v e n b y : which g i v e s Bo = -( A f -A, + y o ! , where denotes t h e phase angle o f t h e e i g e n f u n c t i o n c .
The e i g e n f u n c t i o n s a r e n o r m a l i z e d such t h a t E f and E, r e p r e s e n t t h e energy o f each wave i n t eg r a t e d across t h e j e t . n o n l i n e a r development o f t h e phase angle o f t h e added and time-averaged. T h i s e q u a t i o n i s s i m p l if i e d by a p p l y i n g t h e usual boundary-layer-type approximations t o the mean q u a n t i t i e s . The r e s u l ti n g e q u a t i o n i s then s u b t r a c t e d from i t s complex c o n j u g a t e . A s i m i l a r procedure i s used t o o b t a i n an e q u a t i o n f o r t h e f u n d a m e n t a l ' s phase a n g l e . The f i n a l e q u a t i o n s a r e g i v e n i n Mankbadi (1986) a s :
Fundamental :
A The e q u a t i o n governing the Subharmonic: where :
The s o l u t i o n o f Eq. ( 4 . 3 ) i s s u b j e c t t o t h e i n it i a l values o f t h e phase a n g l e s .
To compare t h e r e s u l t s o f t h i s n o n l i n e a r t h e o r y w i t h t h e o b s e r v a t i o n s , t h e e n e r g i e s o f t h e two waves E f ( x ) and E,(x) a r e e s t i m a t e d f r o m t h e measurements o f t h e fundamental and subharmonic
. ( 4 . 3 ) .
The s a l u t i o n o f Eq. (4.3) f o r i n i t i a l phased i f f e r e n c e s ,2f 90' and 270' i s compared w i t h t h e correspondipg e r p e t i m e n t a l data i n F i g . 9 . Since t h i s i s a n o n l i n e a r t h e o r y , the development o f the 2hase-differsnce depends on the magnitude o f each wave component and hence on the i n i t i a l c o n d i t i o n s which a r e taken f r o m t h e experiment. The f i g u r e
shows t h a t the p r e d i c t i o n o f t h e p r e s e n t n o n l i n e a r t h e o r y ccmpares f a v o r a b l y w e l l w i t h t h e data. The t h e o r y i n d i c a t e s t h a t t h e phase-difference increases a l m g t h e j e t and i s l a r g e r a t than the c o r r e s p o n d i n g phase-difference a t bo = 270". The same f e a t u r e s a r e e x h i b i t e d i n t h e measured d a t a . The p r e d i c t i o n o f the phased i f f e r e n c e i s a l s o compared w i t h the measured d a t a i n F i g . 10 f o r a S t r o u h a l number p a i r o f 0.3 and 3 . 6 . The f i g u r e shows reasonably w e l l comparison between t h e o r y and o b s e r v a t i o n s . However, t h e t h e o r y dces n o t q u i t e match the experiment. As x increases the t u r b u l e n c e i n t e n s i t y increases. The p r e s e n t t h e o r y i g n o r e s the background t u r b u l e n c e Hhich accounts for t h e d e v i a t i o n between t h e t h e o r y and t h e o b s e r v a t i o n s .
Conclusions
The c s r j i t i o n s f o r subharmonic's resonance i n i two-frequeicy e x c i t a t i o n o f a round j e t were ;nves:igated.
The d a t a i n d i c a t e t h a t t h e subhar-
mcnic r e s o n a i c e i s s t r o n g l y dependent on t h e i n it i a l a h a s e -d i f f e r e n c e between t h e two imposed .~a v e s . Subharmonic's resonance i s viewed i n terms a f the energy t r a n s f e r f r o m the fundamental t o t h e jubharmonic. T h i s energy t r a n s f e r i s optimum when ;he sJbnarmcqic-induced s t r e s s e s a r e in-phase w i t h 
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